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Gradient estimate and Liouville theorems for
p-harmonic maps
Yuxin Dong∗ and Hezi Lin†
In this paper, we first obtain an Lq gradient estimate for p-harmonic maps,
by assuming the target manifold supporting a certain function, whose gradient
and Hessian satisfy some analysis conditions. From this Lq gradient estimate,
we get a corresponding Liouville type result for p-harmonic maps. Secondly,
using these general results, we give various geometric applications to p-harmonic
maps from complete manifolds with nonnegative Ricci curvature to manifolds
with various upper bound on sectional curvature, under appropriate controlled
images.
1 Introduction
It is well known that harmonic maps theory plays an important role in the geo-
metric analysis and obtain vast research on it. A natural generalization of harmonic
maps is p-harmonic maps from a variational point of view. P -harmonic maps arise in
many different contexts in physics and mathematics, and it has been also extensively
studied.
Recall that a C1-map u : (Mm, g) → (Nn, h) between Riemannian manifolds is
said to be p-harmonic, p > 1, if it satisfies the non-linear system
δ(|du|p−2du) = 0. (1.1)
The p-Laplace equation (1.1) arises as the Eucler-Lagrange equation associated with
the p-energy functional Ep(u) =
∫
M |du|p. For more information on p-harmonic maps,
one can consult the survey paper [26].
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Fix x ∈M with |du|(x) 6= 0. Choose a local orthonormal frame field {ei}mi=1 at x.
Denote by f = |du|, then
δ(f p−2du) =
∑
i
(∇ei(f p−2du))(ei) =
∑
i
f p−2(∇eidu)(ei) +
∑
i
ei(f
p−2)du(ei)
=
∑
i
f p−2(∇eidu)(ei) + (p− 2)fn−3du(∇f).
Hence, by (1.1) we have
trg(∇du) = −(p− 2)f−1du(∇f). (1.2)
When p = 2, p-harmonic maps are simply harmonic maps. In 1975, Yau [27]
proved that on a complete Riemannian manifold with nonnegative Ricci curvature,
any harmonic function bounded from one side must be a constant. In [21], Schoen
and Yau showed that a harmonic map of finite energy from a complete Riemannian
manifold with non-negative Ricci curvature to a complete manifold with non-positive
sectional curvature is constant. Later, Cheng [3] obtained a gradient estimate of the
harmonic map to prove the constancy of harmonic map if the target manifold has
nonpositive sectional curvature and the image satisfies a sublinear growth condition.
When the sectional curvature of the target manifold has positive upper bound, Choi
[4] proved a Liouville theorem if the domain manifold has nonnegative Ricci curvature
and the image is contained in the geodesic ball. When the target manifold N is of
sectional curvature bounded from above by −a2 for some a > 0, it was proved by Y.
Shen [22] that if u is a harmonic map from a complete Riemannian manifold with
non-negative Ricci curvature into N such that the image of u lies in a horoball of
N , then u must be a constant. There are also various Liouville type theorems for
harmonic maps and their generalizations (e.g., [5], [6], [7], [9], [11] and the references
therein).
For general p > 1, compared with the theory for harmonic maps the study of p-
harmonic maps is generally harder, because the corresponding equation is degenerate
elliptic and the regularity results are far weaker. Recently, there has been renewed
interest in p-harmonic maps. In particular, Moser [14] established a nice connection
between p-harmonic functions and the inverse mean curvature flow. In [12], Kotschwar
and Ni derived a local gradient estimate for p-harmonic functions by assuming the
sectional curvature is bounded from below. Later, Wang and Zhang introduced the
Moser iteration to improve Kotschwar-Ni’s gradient estimate, by assuming only the
Ricci curvature is bounded from below. Recently, Sung and Wang [23] derive a sharp
gradient estimate for positive p-harmonic functions on a complete manifold with Ricci
curvature bounded below. For more Liouville type results for p-harmonic maps under
finite q-energy condition or pointwise energy condition, one can consult [1], [2], [10],
[13], [15], [16], [17], [18], [19], [24], [28] and the references therein.
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In this paper, we tend to get gradient estimate of general p-harmonic maps. How-
ever, the approach of Kotschwar-Ni’s gradient estimate for positive p-harmonic func-
tions is difficult to work in this case, since the linearization of the p-Laplace operator
on maps involves vector bundle valued 1-forms which can not make inner product
with real valued 1-forms in general.
To overcome this difficulty, we use the initial Bochner-Weitzenbo¨ck formula for
p-harmonic maps to get the following Lk gradient estimate.
Theorem 1.1. Suppose (Mm, g) is a complete Riemannian manifold with RicM ≥
−K, K ≥ 0, and (Nn, h) is a complete Riemannian manifold with SecN ≤ A. Let
u : M → N be a p-harmonic map. Suppose there exists a positive C2 function φ on
u(Bx0(R)) such that A max
u(Bx0 (R))
φ < +∞, |∇φ| ≤ c0 for some c0 > 0, and
α
1 + φ
dφ⊗ dφ−Hess(φ) ≥ βh
for some positive constants α, β, in the sense of quadratic forms. Then there exists
positive constants k¯0(m, p,
√
KR), C = C(m, p, k,
√
KR) and C1(m, p) such that∣∣∣∣∣ |du|2C + φ ◦ u
∣∣∣∣∣
Lk(Bx0 (
2R
3
))
≤ C1 (1 +
√
KR)2
R2
(V (Bx0(R))
1
k
holds for k ≥ k¯0.
If A ≤ 0, then the condition A max
u(Bx0 (R))
φ < +∞ is naturally holds for any positive
function φ. The novelty of our approach is that the geometric constraint of the target
manifolds is now replaced by the assumption that there exists a positive function
satisfying some analytic conditions.
Finally, we gives some applications of the above gradient estimate, and get Li-
ouville type results for p-harmonic maps by assuming appropriate image constraints
on the target manifolds according to the upper bound of the sectional curvature,
which generalizes the corresponding results for harmonic maps. In order to get these
Liouville properties for p-harmonic maps, it is natural to assume that the domain
manifold has nonnegative Ricci curvature.
2 Gradient estimate and the proof of Theorem 1.1
Let us recall the following Bochner-Weitzenbo¨ck formula for p-harmonic maps,
which can be deduced by applying formula (1.34) in [7] with the choice ω = |du|p−2du
(see also [17], [2]).
Lemma 2.1. Let u : (Mm, gM) → (Nn, gN) be any p-harmonic maps between Rie-
mannian manifolds of dimensions dimM = m and dimN = n, respectively. Suppose
3
that
RicciMx ≥ −K(x) on M
in the sense of quadratic forms,
SecNu(x) ≤ A(x) on N
for some A(x), then
|du|p−1△|du|p−1 ≥− 〈δd(|du|p−2du), |du|p−2du〉
−max{0, A(x)}|du|2p −K(x)|du|2(p−1), (2.1)
pointwise on the open set {x ∈M : |du|(x) 6= 0} and weakly on all of M .
Let (Mm, g) be a complete Riemannian manifold with RicciM ≥ −K and Ω ⊂M
be an open set. Let (Nn, h) be a complete Riemannian manifold with SecN ≤ A and
u : M → N be a p-harmonic map. Suppose there exists a positive C2 function φ˜ on
the image u(Ω) such that |∇φ˜| ≤ 2c0 for c0 ≥ 0, and
α˜
1 + φ˜
dφ˜⊗ dφ˜−Hess(φ˜) ≥ β˜h
for some positive constants α˜ and β˜. Let φ = C2 + φ˜, where C is a positive constant
to be determined later. Then
φ ≥ C2, |∇φ| ≤ 2c0, (2.2)
and
α
φ
dφ⊗ dφ−Hess(φ) ≥ βh (2.3)
for some positive constants α and β.
Denote by ϕ = |du|p−1. From (2.1), we get
ϕ△ϕ+Kϕ2 ≥ −〈δd(|du|p−2du), |du|p−2du〉 − A˜|du|2p, (2.4)
where A˜ = max{0, A}. Using (2.4), we have
ϕ△
Ç
ϕ
(φ ◦ u)s
å
+K
ϕ2
(φ ◦ u)s ≥−
1
(φ ◦ u)s 〈δd(|du|
p−2du), |du|p−2du〉
− 2sϕ〈∇ϕ,∇(φ ◦ u)〉
(φ ◦ u)s+1 + s(s+ 1)
ϕ2|∇(φ ◦ u)|2
(φ ◦ u)s+2
− sϕ
2△(φ ◦ u)
(φ ◦ u)s+1 − A˜
|du|2p
(φ ◦ u)s , (2.5)
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where s is a positive constant which will be determined later. The relation (2.5)
holds wherever |du| is strictly positive. Let Z = {x ∈ Ω : |du| = 0}. Then for any
non-negative function ψ with compact support in Ω \ Z, we have
−
∫
Ω
Æ
∇
Ç
ϕ
(φ ◦ u)s
å
,∇(ϕψ)
∏
+K
∫
Ω
ψϕ2
(φ ◦ u)s
≥−
∫
Ω
ψ
(φ ◦ u)s 〈δd(|du|
p−2du), |du|p−2du〉 − 2s
∫
Ω
ψϕ〈∇ϕ,∇(φ ◦ u)〉
(φ ◦ u)s+1
+ s(s+ 1)
∫
Ω
ψϕ2|∇(φ ◦ u)|2
(φ ◦ u)s+2 − s
∫
Ω
ψϕ2△(φ ◦ u)
(φ ◦ u)s+1 − A˜
∫
Ω
ψ|du|2p
(φ ◦ u)s . (2.6)
Denote by f =: |du|, then ϕ = f p−1. Let ψ = fqǫ η2
(φ◦u)t where fǫ = (f − ǫ)+ with ǫ > 0,
η ∈ C∞0 (Ω) is nonnegative, q > 1, t ≥ 0 is to be determined later. Substituting this
ψ into the relation (2.6) yields
−
∫
Ω
Æ
∇
Ç
f p−1
(φ ◦ u)s
å
,∇
Ç
f p−1f qǫ η
2
(φ ◦ u)t
å∏
+K
∫
Ω
f 2p−2f qǫ η
2
(φ ◦ u)s+t
≥−
∫
Ω
Æ
d(f p−2du), d
Ç
f p−2f qǫ η
2
(φ ◦ u)s+tdu
å∏
− 2s
∫
Ω
f p−1f qǫ η
2〈∇f p−1,∇(φ ◦ u)〉
(φ ◦ u)s+t+1
+ s(s+ 1)
∫
Ω
f 2p−2f qǫ η
2|∇(φ ◦ u)|2
(φ ◦ u)s+t+2 − s
∫
Ω
f 2p−2f qǫ η
2△(φ ◦ u)
(φ ◦ u)s+t+1 − A˜
∫
Ω
f 2pf qǫ η
2
(φ ◦ u)s+t .
(2.7)
We shall take care of the integrals in (2.7) separately. Let us first consider the left
hand side of (2.7).
LHS(2.7)
= −(p− 1)2
∫
Ω
f 2p−4f qǫ η
2
(φ ◦ u)s+t |∇f |
2 − q(p− 1)
∫
Ω
f 2p−3f q−1ǫ η
2
(φ ◦ u)s+t |∇f |
2
− 2(p− 1)
∫
Ω
f 2p−3f qǫ η
(φ ◦ u)s+t 〈∇f,∇η〉+ (s+ t)(p− 1)
∫
Ω
f 2p−3f qǫ η
2
(φ ◦ u)s+t+1 〈∇(φ ◦ u),∇f〉
+ sq
∫
Ω
f 2p−2f q−1ǫ η
2
(φ ◦ u)s+t+1 〈∇(φ ◦ u),∇f〉+ 2s
∫
Ω
f 2p−2f qǫ η
(φ ◦ u)s+t+1 〈∇(φ ◦ u),∇η〉
− st
∫
Ω
f 2p−2f qǫ η
2
(φ ◦ u)s+t+2 |∇(φ ◦ u)|
2 +K
∫
Ω
f 2p−2f qǫ η
2
(φ ◦ u)s+t . (2.8)
To estimate the right hand side of (2.7), from Lemma 13 of [17] we have |df ∧ du| ≤
|df ||du|. Thus,
|d(f p−2du)| = |d(f p−2) ∧ du| ≤ |d(f p−2)||du| = |p− 2|f p−2|∇f |, (2.9)
and
〈d(f p−2du), d(f qǫ du)〉 =〈d(f p−2) ∧ du, d(f qǫ ) ∧ du)〉
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=q(p− 2)f p−3f q−1ǫ |d(|du|) ∧ du|2
≤qmax{0, p− 2}f p−1f q−1ǫ |∇f |2. (2.10)
Fix x ∈ Ω with |du|(x) 6= 0. Choose a local orthonormal frame field {ei}mi=1 at x. By
(1.2), (2.2) and (2.3) we have
α
|∇(φ ◦ u)|2
φ ◦ u −△(φ ◦ u) =
α
φ ◦ u
∑
i
dφ⊗ dφ(du(ei), du(ei))−
∑
i
(∇dφ)(du(ei), du(ei))
− dφ(trg(∇du))
≥β|du|2 + (p− 2)dφ(f−1du(∇f))
≥βf 2 − |p− 2||∇φ||∇f |
≥βf 2 − 2c0|p− 2|
C
»
φ|∇f |. (2.11)
Using (2.9), (2.10), (2.11) and the Cauchy-Schwarz inequality, we calculate the right
hand side of (2.7),
RHS(2.7)
=−
∫
Ω
|d(f p−2du)|2 f
q
ǫ η
2
(φ ◦ u)s+t −
∫
Ω
f p−2η2
(φ ◦ u)s+t
¨
d(f p−2du), d (f qǫ du)
∂
−
∫
Ω
f p−2f qǫ
Æ
d(f p−2du), d
Ç
η2
(φ ◦ u)s+tdu
å∏
− 2s
∫
Ω
f p−1f qǫ η
2〈∇f p−1,∇(φ ◦ u)〉
(φ ◦ u)s+t+1 + s(s+ 1− α)
∫
Ω
f 2p−2f qǫ η
2|∇(φ ◦ u)|2
(φ ◦ u)s+t+2
+ s
∫
Ω
f 2p−2f qǫ η
2
(φ ◦ u)s+t+1
ñ
α
|∇(φ ◦ u)|2
φ ◦ u −△(φ ◦ u)
ô
− A˜
∫
Ω
f 2pf qǫ η
2
(φ ◦ u)s+t
≥− (p− 2)2
∫
Ω
f 2p−4f qǫ η
2
(φ ◦ u)s+t |∇f |
2 − qmax{0, p− 2}
∫
Ω
f 2p−3f q−1ǫ η
2
(φ ◦ u)s+t |∇f |
2
− |p− 2|
∫
Ω
f 2p−3f qǫ |∇f |
∣∣∣∣∣d
Ç
η2
(φ ◦ u)s+t
å∣∣∣∣∣− 2s(p− 1)
∫
Ω
f 2p−3f qǫ η
2〈∇f,∇(φ ◦ u)〉
(φ ◦ u)s+t+1
+ s(s+ 1− α)
∫
Ω
f 2p−2f qǫ η
2|∇(φ ◦ u)|2
(φ ◦ u)s+t+2 + sβ
∫
Ω
f 2pf qǫ η
2
(φ ◦ u)s+t+1
− 2sc0|p− 2|
C
∫
Ω
f 2p−2f qǫ η
2
√
φ|∇f |
(φ ◦ u)s+t+1 − A˜
∫
Ω
f 2pf qǫ η
2
(φ ◦ u)s+t
≥−
®
(p− 2)2 + s
2c0|p− 2|
C
´ ∫
Ω
f 2p−4f qǫ η
2
(φ ◦ u)s+t |∇f |
2 − qmax{0, p− 2}
∫
Ω
f 2p−3f q−1ǫ η
2
(φ ◦ u)s+t |∇f |
2
− 2|p− 2|
∫
Ω
f 2p−3f qǫ η
(φ ◦ u)s+t |∇f ||∇η| − (s+ t)|p− 2|
∫
Ω
f 2p−3f qǫ η
2
(φ ◦ u)s+t+1 |∇(φ ◦ u)||∇f |
− 2s(p− 1)
∫
Ω
f 2p−3f qǫ η
2〈∇f,∇(φ ◦ u)〉
(φ ◦ u)s+t+1 + s(s+ 1− α)
∫
Ω
f 2p−2f qǫ η
2|∇(φ ◦ u)|2
(φ ◦ u)s+t+2
+
Ç
sβ − c0|p− 2|
C
å ∫
Ω
f 2pf qǫ η
2
(φ ◦ u)s+t+1 − A˜
∫
Ω
f 2pf qǫ η
2
(φ ◦ u)s+t . (2.12)
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Combining with (2.8) and (2.12), denoting by A(φ) = A˜max
x∈Ω
φ ◦ u and considering
that p− 1−max{0, p− 2} = min{1, p− 1}, we have
Ç
2p− 3− s
2c0|p− 2|
C
å ∫
Ω
f 2p−4f qǫ η
2
(φ ◦ u)s+t |∇f |
2 + qmin{1, p− 1}
∫
Ω
f 2p−3f q−1ǫ η
2
(φ ◦ u)s+t |∇f |
2
+ s(s+ t + 1− α)
∫
Ω
f 2p−2f qǫ η
2|∇(φ ◦ u)|2
(φ ◦ u)s+t+2 +
Ç
sβ − c0|p− 2|
C
− A(φ)
å ∫
Ω
f 2pf qǫ η
2
(φ ◦ u)s+t+1
≤ sq
∫
Ω
f 2p−2f q−1ǫ η
2
(φ ◦ u)s+t+1 〈∇(φ ◦ u),∇f〉+ (3s+ t)(p− 1)
∫
Ω
f 2p−3f qǫ η
2
(φ ◦ u)s+t+1 〈∇(φ ◦ u),∇f〉
+ (s+ t)|p− 2|
∫
Ω
f 2p−3f qǫ η
2
(φ ◦ u)s+t+1 |∇(φ ◦ u)||∇f |+ 2|p− 2|
∫
Ω
f 2p−3f qǫ η
(φ ◦ u)s+t |∇f ||∇η|
− 2(p− 1)
∫
Ω
f 2p−3f qǫ η
(φ ◦ u)s+t 〈∇f,∇η〉+ 2s
∫
Ω
f 2p−2f qǫ η
(φ ◦ u)s+t+1 〈∇(φ ◦ u),∇η〉
+K
∫
Ω
f 2p−2f qǫ η
2
(φ ◦ u)s+t . (2.13)
Using both dominated and monotone convergence, taking the limit on both side of
(2.13) as ǫ→ 0, we obtain
Ç
2p− 3 + qmin{1, p− 1} − s
2c0|p− 2|
C
å ∫
Ω
f 2p+q−4η2
(φ ◦ u)s+t |∇f |
2
+ s(s+ t + 1− α)
∫
Ω
f 2p+q−2η2|∇(φ ◦ u)|2
(φ ◦ u)s+t+2
+
Ç
sβ − c0|p− 2|
C
− A(φ)
å ∫
Ω
f 2p+qη2
(φ ◦ u)s+t+1
≤ [(s+ t)(p− 1) + s(2p+ q − 2)]
∫
Ω
f 2p+q−3η2
(φ ◦ u)s+t+1 〈∇(φ ◦ u),∇f〉
+ (s+ t)|p− 2|
∫
Ω
f 2p+q−3η2
(φ ◦ u)s+t+1 |∇(φ ◦ u)||∇f |+ 2|p− 2|
∫
Ω
f 2p+q−3η
(φ ◦ u)s+t |∇f ||∇η|
− 2(p− 1)
∫
Ω
f 2p+q−3η
(φ ◦ u)s+t 〈∇f,∇η〉+ 2s
∫
Ω
f 2p+q−2η
(φ ◦ u)s+t+1 〈∇(φ ◦ u),∇η〉
+K
∫
Ω
f 2p+q−2η2
(φ ◦ u)s+t
≤ [(s+ t)(p− 1 + |p− 2|) + s(2p+ q − 2)]
∫
Ω
f 2p+q−3η2
(φ ◦ u)s+t+1 |∇(φ ◦ u)||∇f |
+ 2(p− 1 + |p− 2|)
∫
Ω
f 2p+q−3η
(φ ◦ u)s+t |∇f ||∇η|
+ 2s
∫
Ω
f 2p+q−2η
(φ ◦ u)s+t+1 |∇(φ ◦ u)||∇η|+K
∫
Ω
f 2p+q−2η2
(φ ◦ u)s+t . (2.14)
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For simplicity of notation and discussion, we only consider the case of p ≥ 2. Choose
s, t such that s + t = 2p+q−2
2
= p + q
2
− 1. Denote by k = p + q
2
− 1. Then (2.14)
reduces to
(2k − 1)C − s2c0|p− 2|
k2C
∫
Ω
∣∣∣∣∣ η∇fk(φ ◦ u)k/2
∣∣∣∣∣
2
+
4s(k + 1− α)
k2
∫
Ω
∣∣∣∣∣fkη∇
Ç
1
(φ ◦ u)k/2
å∣∣∣∣∣
2
+
Ç
sβ − c0|p− 2|
C
− A(φ)
å ∫
Ω
Ç
f 2
φ ◦ u
åk+1
η2
≤ 2(2s+ p− 1 + |p− 2|)
k
∫
Ω
∣∣∣∣∣ η∇fk(φ ◦ u)k/2
∣∣∣∣∣
∣∣∣∣∣ηfk∇
Ç
1
(φ ◦ u)k/2
å∣∣∣∣∣
+
2(p− 1 + |p− 2|)
k
∫
Ω
∣∣∣∣∣ η∇fk(φ ◦ u)k/2
∣∣∣∣∣
∣∣∣∣∣ fk∇η(φ ◦ u)k/2
∣∣∣∣∣
+
4s
k
∫
Ω
∣∣∣∣∣ fk∇η(φ ◦ u)k/2
∣∣∣∣∣
∣∣∣∣∣ηfk∇
Ç
1
(φ ◦ u)k/2
å∣∣∣∣∣+K
∫
Ω
Ç
f 2
φ ◦ u
åk
η2. (2.15)
Denote by Ri (resp. Li), i = 1, 2, 3, · · · , the i-th term at the right (resp. left) hand
side. Since φ ≥ C2, we have
|∇(φ ◦ u)|2 ≤ |∇φ|2|du|2 ≤ 4c
2
0
C2
|φ|f 2.
Using the Cauchy inequality to the right hand side of (2.15) yields
R1 ≤ 3
2k
∫
Ω
∣∣∣∣∣ η∇fk(φ ◦ u)k/2
∣∣∣∣∣
2
+
k(2s+ p− 1 + |p− 2|)2
6
∫
Ω
f 2kη2
(φ ◦ u)k
∣∣∣∣∣∇(φ ◦ u)φ ◦ u
∣∣∣∣∣
2
≤ 3
2k
∫
Ω
∣∣∣∣∣ η∇fk(φ ◦ u)k/2
∣∣∣∣∣
2
+
2kc20(2s+ p− 1 + |p− 2|)2
3C2
∫
Ω
f 2k+2η2
(φ ◦ u)k+1 . (2.16)
R2 ≤ 1
4k
∫
Ω
∣∣∣∣∣ η∇fk(φ ◦ u)k/2
∣∣∣∣∣
2
+
4(p− 1 + |p− 2|)2
k
∫
Ω
∣∣∣∣∣ fk∇η(φ ◦ u)k/2
∣∣∣∣∣
2
. (2.17)
R3 ≤ 2s
k
∫
Ω
∣∣∣∣∣ fk∇η(φ ◦ u)k/2
∣∣∣∣∣
2
+
2s
k
∫
Ω
∣∣∣∣∣ηfk∇
Ç
1
(φ ◦ u)k/2
å∣∣∣∣∣
2
. (2.18)
Substituting (2.16), (2.17) and (2.18) into (2.15), we have
(k − 4)C − 4s2c0|p− 2|
4k2C
∫
Ω
∣∣∣∣∣ η∇fk(φ ◦ u)k/2
∣∣∣∣∣
2
+
2s(k + 2− 2α)
k2
∫
Ω
∣∣∣∣∣fkη∇
Ç
1
(φ ◦ u)k/2
å∣∣∣∣∣
2
+
Ç
sβ − c0|p− 2|
C
− A(φ)
å ∫
Ω
Ç
f 2
φ ◦ u
åk+1
η2
≤2kc
2
0(2s+ p− 1 + |p− 2|)2
3C2
∫
Ω
f 2k+2η2
(φ ◦ u)k+1 +
2s+ 4(p− 1 + |p− 2|)2
k
∫
Ω
∣∣∣∣∣ fk∇η(φ ◦ u)k/2
∣∣∣∣∣
2
8
+K
∫
Ω
Ç
f 2
φ ◦ u
åk
η2. (2.19)
By choosing C large enough such that
2kc20(2s+ p− 1 + |p− 2|)2
3C2
≤ sβ
2
, (2.20)
the relation (2.19) reduces to
(k − 4)C − 4s2c0|p− 2|
4k2C
∫
Ω
∣∣∣∣∣ η∇fk(φ ◦ u)k/2
∣∣∣∣∣
2
+
2s(k + 2− 2α)
k2
∫
Ω
∣∣∣∣∣fkη∇
Ç
1
(φ ◦ u)k/2
å∣∣∣∣∣
2
+
Ç
sβ
2
− c0|p− 2|
C
− A(φ)
å ∫
Ω
Ç
f 2
φ ◦ u
åk+1
η2
≤2s+ 4(p− 1 + |p− 2|)
2
k
∫
Ω
∣∣∣∣∣ fk∇η(φ ◦ u)k/2
∣∣∣∣∣
2
+K
∫
Ω
Ç
f 2
φ ◦ u
åk
η2. (2.21)
Assume that A(φ) = A˜max
x∈Ω
φ ◦ u <∞. Choose k, s large enough such that
(k− 4)C − 4s2c0|p− 2| > 0, k+ 2− 2α > 0 and sβ
2
− c0|p− 2|
C
−A(φ) > 0. (2.22)
Since,
∫
Ω
∣∣∣∣∣∇( fkη(φ ◦ u)k/2 )
∣∣∣∣∣
2
≤3
∫
Ω
∣∣∣∣∣ η∇fk(φ ◦ u)k/2
∣∣∣∣∣
2
+ 3
∫
Ω
∣∣∣∣∣fkη∇
Ç
1
(φ ◦ u)k/2
å∣∣∣∣∣
2
+ 3
∫
Ω
∣∣∣∣∣ fk∇η(φ ◦ u)k/2
∣∣∣∣∣
2
,
combining this with (2.21) gives∫
Ω
|∇(Φk2 η)|2 + ka1
Ç
sβ
2
− A(φ)
å ∫
Ω
Φk+1η2 ≤ a2
∫
Ω
Φk |∇η|2 + kKa3
∫
Ω
Φkη2,
(2.23)
where we denote by Φ = f
2
φ◦u and ai, i = 1, 2, · · · are the constants depending only on
m and p.
Let us recall the following Sobolev embedding theorem of Saloff-Coste. Form > 2,
there exists C0, depending only on m, such that for any ball B ⊂M of radius R and
volume V , we have
Å∫
B
|f | 2mm−2
ãm−2
m ≤ eC0(1+
√
KR)V −
2
mR2
∫
B
Ä
|∇f |2 + R−2f 2
ä
(2.24)
for any f ∈ C∞0 . For m = 2, the above inequality holds with m replaced by any fixed
m′ > 2.
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Let Bx0(R) be the closed geodesic ball of radius R and center x0 in M . Let
Ω = Bx0(R). Applying (2.24) we have
Å∫
Ω
Φ
mk
m−2 η
2m
m−2
ãm−2
m ≤ eC0(1+
√
KR)V −
2
m
Å
R2
∫
Ω
|∇(Φk2 η)|2 +
∫
Ω
Φkη2
ã
. (2.25)
Let k0 = c1(n, p)(1 +
√
KR) with c1(n, p) large enough such that (2.22) holds for
k = k0. Combining (2.23) and (2.25) gives
Å∫
Ω
Φ
mk
m−2 η
2m
m−2
ãm−2
m
+ a4k(sβ/2− A(φ))ek0V − 2mR2
∫
Ω
Φk+1η2
≤a5k20kek0V −
2
m
∫
Ω
Φkη2 + a6e
k0V −
2
mR2
∫
Ω
Φk|∇η|2. (2.26)
Now we can prove our main result.
Theorem 2.1. Suppose (Mm, g) is a complete Riemannian manifold with RicM ≥
−K, K ≥ 0, and (Nn, h) is a complete Riemannian manifold with SecN ≤ A. Let
u : M → N be a p-harmonic map. Suppose there exists a positive C2 function φ˜ on
u(Bx0(R)) such that A max
u(Bx0 (R))
φ˜ <∞, |∇φ˜| ≤ 2c0 for some c0 ≥ 0, and
α
1 + φ˜
dφ˜⊗ dφ˜−Hess(φ˜) ≥ βh (2.27)
for some positive constants α, β. Then there exists positive constants k¯0(m, p,
√
KR),
C = C(m, p, k,
√
KR) and C1(m, p) such that∣∣∣∣∣ |du|2C + φ˜ ◦ u
∣∣∣∣∣
Lk(B( 2R
3
))
≤ C1(m, p)(1 +
√
KR)2
R2
(V (B(R))
1
k (2.28)
holds for k ≥ k¯0.
Proof. Let k = k0 in (2.26). To compare L2 and R1 of (2.26), we observe that if
Φ >
2a5k20
a4(sβ/2−A(φ˜))R2
, then
a5k
3
0Φ
k <
1
2
a4k0(sβ/2− A(φ˜))R2Φk+1.
Hence we decompose Ω as
Ω =
{
x ∈ Ω|Φ(x) > 2a5k
2
0
a4(sβ/2−A(φ˜))R2
}⋃{
x ∈ Ω|Φ(x) ≤ 2a5k
2
0
a4(sβ/2− A(φ˜))R2
}
.
With this decomposition we have
R1 ≤ ak07 k30
Ç
k0
R
å2k0
ek0V 1−
2
m +
1
2
L2.
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Therefore (2.26) with k = k0 can be written as
Å∫
Ω
Φ
mk0
m−2 η
2m
m−2
ãm−2
m
+
1
2
a4(sβ/2− A(φ˜))k0ek0V − 2mR2
∫
Ω
Φk0+1η2
≤ak07 k30
Ç
k0
R
å2k0
ek0V 1−
2
m + a6e
k0V −
2
mR2
∫
Ω
Φk0 |∇η|2. (2.29)
Now we choose η to make R2 of (2.29) dominated by the LHS. Choose η1 ∈ C∞0 (M)
satisfying
0 ≤ η1 ≤ 1, η1 ≡ 1 in Bx0(2R/3), |∇η1| ≤
C(m)
R
.
Let η = ηk0+11 . Then
R2|∇η|2 ≤ a8k20η
2k0
k0+1 .
Hence applying the Young’s inequality shows that
a6R
2
∫
Ω
Φk0 |∇η|2 ≤a9k20
∫
Ω
Φk0η
2k0
k0+1
≤a9k20
Å∫
Ω
Φk0+1η2
ã k0
k0+1
V
1
k0+1
≤1
2
a4
Ä
sβ/2− A(φ˜)ä k0R2
∫
Ω
Φk0+1η2 + ak010
k2k0+10
R2k0
V. (2.30)
Substituting (2.30) into (2.29) yields
Ç∫
Bx0 (2R/3)
Φ
mk0
m−2
åm−2
m ≤ ak011k30ek0
Ç
k0
R
å2k0
V 1−
2
m . (2.31)
Setting k1 =
mk0
m−2 , taking the
1
k0
-root on both sides of (2.31) we have
‖Φ‖Lk1 (Bx0 (2R/3)) ≤ a11ek
3
k0
0
k20
R2
V
1
k1 ≤ a11e1+ 3e k
2
0
R2
V
1
k1 ,
which completes the proof of Theorem 2.1.
Remark 2.1. Under the assumption max
u(Bx0 (R))
φ˜ < ∞, the condition (2.27) is equiva-
lent to Hess(log(φ˜+1)) ≤ −αh for some α > 0. To eliminate the last term in (2.16),
we introduce the constant C. But according to (2.20), the constant C in (2.28) de-
pends on k, so we can not further proceed the Moser iteration to the inequality (2.26)
to get local gradient estimate.
3 Liouville type theorems
Based on the above estimate in Theorem 2.1, by assuming the Ricci curvature of
the domain manifold is nonnegative and using the volume comparison theorem, we
have the following Liouville type theorem.
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Theorem 3.1. Suppose (Mm, g) is a complete Riemannian manifold with RicM ≥ 0
and (Nn, h) is a complete Riemannian manifold with SecN ≤ A. Let u : M → N be
a p-harmonic map. Suppose there exists a positive C2 function φ on u(M) such that
Amax
u(M)
φ < ∞, |∇φ| ≤ c0 for some c0 > 0, and α1+φdφ⊗ dφ− Hess(φ) ≥ βh for some
positive constants α and β. Then u is a constant map.
Proof. Since RicM ≥ 0, by the volume comparison theorem we have
V (Bx0(R)) ≤ C(m)Rm.
Letting k > m
2
in (2.28), we obtain
∣∣∣∣∣ |du|2C + φ ◦ u
∣∣∣∣∣
Lk(M)
≤ lim
R→∞
C1(m, p)
(V (Bx0(R)))
1
k
R2
≤ lim
R→∞
C2(m, p)
R
m
k
R2
= 0,
which implies that du = 0, that is, u is a constant map.
By choosing various concrete C2 functions φ satisfying (2.2) and (2.3) on the target
manifold N according to the upper bound of the sectional curvature, we can further
get some Liouville type theorems for p-harmonic maps under appropriate constraints
on the images of the maps.
If the target manifold has nonpositive sectional curvature, we have the following
Liouville theorem for p-harmonic maps which generalizes the result in [3].
Corollary 3.1. Suppose (Mm, g) is a complete Riemannian manifold with nonnega-
tive Ricci curvature and (Nn, h) is a complete Riemannian manifold with nonpositive
sectional curvature. Let u : M → N be a p-harmonic map. If the image u(M) lies in
a compact subset of N , then u is a constant map.
Proof. For any x0 ∈ M , let ρ denote the distance function on N from u(x0) and
φ = a − ρ2, where a > supx∈M ρ2(u(x)). A direct computation shows that, on the
image u(M),
|∇φ| = |dρ2| = 2ρ|dρ| ≤ 2√a.
By the composition formula (cf. [7]) and the standard Hessian comparison theorem,
we have
−Hess(φ) = Hess(ρ2) =2ρHess(ρ) + 2dρ⊗ dρ
≥2(h− dρ⊗ dρ) + 2dρ⊗ dρ
=2h.
Therefore, Theorem 3.1 immediately gives the proof.
If the sectional curvature of the target manifold is bounded from above by a
positive constant, The corresponding Liouville property can be stated as follows.
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Corollary 3.2. Suppose (Mm, g) is a complete Riemannian manifold with nonnega-
tive Ricci curvature and (Nn, h) is a complete Riemannian manifold with SecN ≤ A,
A > 0. Let u : M → N be a p-harmonic map, such that u(M) ⊂ BR(y0). If BR(y0)
lies inside the cut locus of y0 and R <
π
2
√
A
. Then u is a constant map.
Proof. For any x0 ∈ M , let ρ denote the distance function on N from u(x0) and let
φ = cos(
√
Aρ). Since R < π
2
√
A
, we get
0 < cos(
√
Aρ) ≤ 1 and Amax
u(M)
cos(
√
Aρ) ≤ A.
Then
|∇φ| =
√
A| sin(
√
Aρ)||dρ| ≤
√
A.
By the Hessian comparison theorem, we have
−Hess cos(
√
Aρ) =
√
A sin(
√
Aρ)Hess(ρ) + A cos(
√
Aρ)dρ⊗ dρ
≥A sin(
√
Aρ) cot(
√
Aρ)(h− dρ⊗ dρ) + A cos(
√
Aρ)dρ⊗ dρ
≥A cos(
√
AR)h.
Therefore, the proof is completed by Theorem 3.1.
Suppose N is a complete Riemannian manifold of nonpositive curvature and let
γ : R → N be a unit speed geodesic. The union of balls Bγ = ⋃t>0Bγ(t)(t) is called
the horoball with center c(+∞). For y ∈ N , the function t→ t−d(y, γ(t)) is bounded
from above and monotonically increasing. So we can define the Busemann function
by
B(y) = lim
t→+∞
(t− d(y, γ(t))).
It is easy to see that B(y) > 0 on Bγ . We also know thatB(y) is a concave C
2-function
with |∇B| = 1.
When the target manifold N satisfies SecN ≤ −A, A > 0, we have
Corollary 3.3. Suppose (Mm, g) is a complete Riemannian manifold with nonnega-
tive Ricci curvature and (Nn, h) is a complete Riemannian manifold with SecN ≤ −A,
A > 0. Let u : M → N be a p-harmonic map, such that u(M) ⊂ Bγ, where Bγ is
some horoball in N centered at γ(+∞) with respect to a unit speed geodesic γ(t).
Then u is a constant map.
Proof. Let φ(y) = B2(y). We may assume that B(y) ≥ 1 since Busemann functions
are horofunctions. Then,
|∇φ| = 2B|∇B| ≤ 2B,
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which is bounded from above. Applying the Hessian comparison theorem, we have
−Bαβ = lim
t→∞
ραβ(y, γ(t)) ≥
√
A coth(
√
Aρ(y, γ(t)))(hαβ − dBα ⊗ dBβ)
≥
√
A(hαβ − dBα ⊗ dBβ).
Set α such that 4α− 2− 2√A ≥ 0. Then
α
φ
dφ⊗ dφ−Hess(φ) =4αdB ⊗ dB − 2BHess(B)− 2dB ⊗ dB
≥(4α− 2)dB ⊗ dB + 2
√
A(h− dB ⊗ dB)
≥2
√
Ah.
Therefore Theorem 3.1 implies the proof.
Remark 3.1. The negativity condition on the sectional curvature of the target man-
ifold is necessary. For example, let
u = (u1, u2) : R
2 → R2.
If u1 = constant and u2 be any nonconstant p-harmonic function, then u is a noncon-
stant p-harmonic map. In Euclidean space, the level sets of the Busemann function
associated with a given geodesic are the planes perpendicular to the given geodesic.
Hence, u(R2) lies in a horoball.
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